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£Nj ' The aim of this paper is to study the local components of the rela- 
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■ 1 Some physical and geometrical aspects 

> ■ 

CM According to Olver's opinion [10], we agree that the 1-jet fibre bundle is 

' a basic object in the study of classical and quantum field theories. For such a 

. reason, a lot of authors (Asanov [2], Saunders [11], Vondra [12] and many others) 

studied the differential geometry of the 1-jet spaces. Continuing the geometrical 
studies of Asanov [2] and using as a pattern the Lagrangian geometrical ideas 
' developed by Miron, Anastasiei and Bucataru in the monographs [5] and [3], 

the first author of this paper has recently developed the Riemann- Lagrange 
geometry of 1-jet spaces [7]. This theory is very suitable for the geometrical 
• i-h . study of the relativistic non- autonomous (rheonomic) Lagrangians, that is of 

' the Lagrangians depending on an usual relativistic time [6] , [8] or depending on 

a relativistic multi-time [7], [9]. 

It is important to note that a classical non- autonomous (rheonomic) La- 
grangian geometry (i. e. a geometrization of the Lagrangians depending on an 
absolute time) was sketched by Miron and Anastasiei at the end of the book [5] 
and developed in the same way by Anastasiei and Kawaguchi [1] or Frigioiu [4]. 

In what follows we try to expose the main geometrical and physical as- 
pects which differentiate the both geometrical theories: the jet relativistic non- 
autonomous Lagrangian geometry [8] and the classical non- autonomous La- 
grangian geometry [5]. 

In this direction, we point out that the relativistic non- autonomous La- 
grangian geometry [8] has as natural house the 1-jet space J 1 (R, M), where 
K. is the manifold of real numbers having the coordinate t. This represents for 
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us the usual relativistic time. We recall that the 1-jet space J 1 (M, M) is re- 
garded as a vector bundle over the product manifold R x M, having the fibre 
type R™, where n is the dimension of the spatial manifold M. In mechanical 
terms, if the manifold M has the spatial local coordinates (x l ) i= Y^> then the 
1-jet vector bundle 

J\R,AI) -tlxM 

can be regarded as a bundle of configurations having the local coordinates 
(t,x l ,y\); these transform by the rules [8] 



t = t(t) 

x % — x^ar 7 ') 

dx l dt 
dxl~dt 



(1.1) 



Vi 



Ui ■ 



Remark 1.1 The form of the jet transformation group stands out by the 

relativistic character of the time t. 

Comparatively, in the classical non- autonomous Lagrangian geometry [5] the 
bundle of configurations is the vector bundle 

R x TM -> M, 

whose local coordinates (t, x % , y l ) transform by the rules 



( t = t 

x % = x l (xi) 
~i dx l 



(1.2) 



V 



dxi 



■y 



where TM is the tangent bundle of the spatial manifold M. 

Remark 1.2 The form of the transformation group stands out by the 

absolute character of the time t. 

It is important to note that jet transformation group from the relativis- 
tic non- autonomous Lagrangian geometry is more general and more natural than 
the transformation group (|1.2[) used in the classical non- autonomous Lagrangian 
geometry. This is because the last one ignores the temporal reparametrizations, 
emphasizing in this way the absolute character of the usual time coordinate t. 
Or, physically speaking, the relativity of time is an well-known fact. 

From a geometrical point of view, we point out that the entire classical 
rheonomic Lagrangian geometry of Miron and Anastasiei [5] relies on the study 
of the energy action functional 



Ex(c) = / L{t,x\y l )dt, 
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where L : R x TM — ► R is a Lagrangian function and y % = dx l /dt, whose Euler- 
Lagrangc equations produce a semispray G l (t, x k ,y k ) and a corresponding non- 
linear connection N l - — dG l /dy J . Therefore, the authors construct the adapted 
bases of vector and covector fields, together with the adapted components of the 
./V-linear connections and their corresponding d-torsions and d-curvatures. But, 
because is a real function, we deduce that the previous geometrical 

theory has the following impediment: -the energy action functional depends on 
the reparametrizations t < — > t of the same curve c. Thus, in order to avoid this 
inconvenience, the Finsler case imposes the 1-positive homogeneity condition 

L(t, x\ \y l ) = XL(t, x\ V A > 0. 

Alternatively, the relativistic rheonomic Lagrangian geometry from [8] uses 
the relativistic energy action functional 



E 2 (c)= / L(t,x l ,y\Whu(t)dt, 

J a 



where L : J 1 (R, M) — ► R is a jet Lagrangian function and tin (t) is a Riemannian 
metric on the relativistic time manifold R. This functional is now independent 
by the reparametrizations t < — > t of the same curve c. The Euler-Lagrange 
equations of the Lagrangian C = L(t, x % , y\) 'hn(t) produce a relativistic time 
dependent semispray [8] 

S = (#(1)1, G (l)i) ! 

which gives the jet nonlinear connection [6] 

I - | M {1)1 - 2H (l)v N (l)k - 

With these geometrical tools we can construct in the relativistic rheonomic La- 
grangian geometry the distinguished (d-) linear connections, together with their 
d-torsions and d-curvatures, which naturally generalize the similar geometrical 
objects from the classical rheonomic Lagrangian geometry [5]. In this respect, 
the authors of this paper believe that the relativistic geometrical approach pro- 
posed in this paper has more geometrical and physical meanings than the theory 
proposed by Miron and Anastasiei in [5]. 

In conclusion, in order to remark the main similitudes and differences be- 
tween these geometrical theories, we invite the reader to compare both the 
classical and relativistic non- autonomous Lagrangian geometries exposed in the 
works [5] and [8]. 

As a final remark, we point out that for a lot of mathematicians (such as 
Crampin, de Leon, Krupkova, Sarlet, Saunders and others) the non-autonomous 
Lagrangian geometry is constructed on the first jet bundle J x n of a fibered 
manifold 7r : M n+1 — > M. In their papers, if (t, x 1 ) are the local coordinates on 
the n+l-dimensional manifold M such that t is a global coordinate for the fibers 
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of the submersion 7r and x % are transverse coordinates of the induced foliation, 
then a change of coordinates on M is given by 

t = t(t), §^0 

1 ■ \ (1-3) 

= n 



x l (x 3 , t) , rank 



dx? J 



Altough the 1-jet extension of the transformation rules (|1.3j) is more gen- 
eral than the transformation group (|l.ip . the authors ot this paper consider 
that the transformation group (jl.lj) is more appropriate for their final purpose, 
the development of a relativistic rheonomic Lagrangian field theory. For ex- 
ample, in the paper [8], starting with a non-degenerate Lagrangian function 
L : J 1 (K,M) — > R and an a priori given Riemannian metric hn(t) on the 
relativistic temporal manifold R, one introduces a relativistic time dependent 
electromagnetic field 



F = F}f ) ' j 5y\Adx 3 , 



where 



F, 



(i) _ 



1 



dM-dW 



and 8y\ = dy\ + M^dt + N^dx 3 , 



the metrical deflection d-tensors beeing produced only by the jet La- 



grangian C = Ly/h\\{t). In such a perspective, the relativistic time depen- 
dent electromagnetic field F has an intrinsic geometrical character. Moreover, 
the electromagnetic components Fty. are governed by some natural generalized 
Maxwell equations. These equations are exposed in [8] and naturally generalize 
the already classical Maxwell equations from Miron and Anastasiei's theory [5] . 



2 The adapted components of the jet T-linear 
connections 

Let us suppose that on the 1-jet space E = J 1 (R, M) is fixed a nonlinear 
connection T given by the temporal components an d the spatial compo- 

nents N$.j . We recall that the transformation rules of the local components of 
the nonlinear connection T = (m^^N^A are expressed by [6] 

5J7W _ { d£\ 2 _ v(t) _ M U) M^ffi? _ dx l djfi 

M 1 ^{dtj dxi d Jdt' «< W&d&dri d&dx*' 

Example 2.1 Let (R, hn(t)) and (M,ip i j(x)) be semi- Riemannian manifolds. 
Let us consider the Christoffel symbols 

„i _ h 11 dh n 
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and 

i _ <P m ( d ^3'n d^ km _ d^k 
ljk 2 \dx k dxi dx m 

where h 11 — 1/hn. Then, using the transformation rules 



Hh=Hh-~+^ (2.1) 
11 11 dt dtdt 2 1 ' 



and _ 

dx p dx? dx k dx p d 2 x l 



V ljk dxl d ~ q d ~ r + q x1 Q~ qd ~r > ( 2 ' 2 ) 



we deduce that the set of local functions 

f = I 

V (i)i' (i 

M ( « = -ff^ and = tL^ (2.3) 

represents a nonlinear connection on the 1-jet space E — J 1 (R, M). This jet 
nonlinear connection is called the canonical nonlinear connection attached 
to the pair of metrics (hn(t),(p i j(x)). 



Let 

( 6_ _S_ d \ 

\Jt , Jx 1, 'dy{) 



CX(E) 



and 

{dt,dx\Sy{} C X*(E) 

be the dual bases adapted to the nonlinear connection T — ^M^^, AT^yJ , 
where 

i. = 1 - M U) — 
st 8t {1)1 dy{' 

A_ = A _ N w A 

8x l dx l (1)l dy{' 

5y\ = dy\ + M^dt + N$.dx>. 

Remark 2.2 The components of the above dual adapted bases transform under 
a change of coordinates 11. 1]) as classical tensors. 

In order to develop a theory of the T-linear connections on the 1-jet space 
E = J 1 (R, M), we need the following simple result: 

Proposition 2.3 (a) The Lie algebra X(E) of the vector fields on E decom- 
poses in the direct sum 

X{E) = X(H M ) © X(H M ) © X(V), 
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where 

X(Hr) = Span |A| , X(H M ) = Span^y X(V) = Span j^l 

(7^ TTie Lie algebra X*(E) of the covector fields on E decomposes in the 
direct sum 

X*{E) = X*(Hm) © X*(H M ) © X*(V), 

where 

X*(Hm) = Span{dt}, X*(H M ) = Span{dx 1 }, X*(V) = Span{Sy\}. 

Denoting by hm., h,M, respectively v, the ^-horizontal, M -horizontal, respec- 
tively vertical canonical projections associated to the above decompositions, we 
get 

Corollary 2.4 (a) Any vector field on E can be uniquely written in the form: 

X = h R X + h M X + vX, VX€X(E). 

(b) Any 1-form on E can be uniquely written in the form: 

lo = h^uj + hu^ + voj, V u) 6 X*(E). 

Definition 2.5 A linear connection V : X(E) x X(E) — > X(E), which verifies 
the Ehresman-Koszul axioms 

Vh m = 0, V/i M = 0, Vv = 0, 

is called a T -linear connection on the 1-jet vector bundle E = J 1 (R, M). 

Using the adapted basis of vector fields on E = J 1 (R, M) and the definition 
of a T-linear connection, we prove without difficulties 

Proposition 2.6 A T -linear connection V on E = J 1 (IR, M) is determined by 
nine local adapted components 

VI - [U n , U a , L-ij, ^(l)(j)fci °l(fc)' °i(fc)' °(l)0)(fe)J ' 

w/wc/i are uniquely defined by the relations: 

5i <5i St 

S - 1 5 5 k S d (fe)(i) ^ 

fe-J 5a;-' fc* 

9yi dyi dy{ 



6 



Taking into account the tensorial transformation laws of the adapted basis 
of vector fields on E = J 1 (R, M), by laborious local computations, we deduce 

Theorem 2.7 (a) Under a change of coordinates on the 1-jet vector bun- 
dle E = J^RjM), the adapted coefficients of the T '-linear connection V modify 
by the rules 

' _ dt . dt (ft 

^11 — Wl" 



dt dt dt 2 



dx k dx j dt 



G 



(fe)(i) 



= G 



dx r dx % dt 

dx k dx j dt 



(p)(i) 



(i)(i)i ^{i)u)iqxp dx* dt 



ft 
dt 2 ' 



(h 



M 



Fl _ f 1 dil 

- dx r dx p dx q 



dx r d 2 x s 
dx s dx l dxi 



(v) 



rW(l) 

rvi(i) _ r 



c 



fc(i) 
(j) 



c 



dx dx p dx s 
(i)0)» ~dx 1 'dx~i 

i(i) 9x J 
X W &?dt 
s m c?a; fe <9i p S5 r 



+ 



<9o: r dx l dxi ' 



<9i s 9a; 4 Sa^' dt 



ri (fc)(i)(i) _ ^(r)(i)(i)9x fe dz p di 9 dt 
u (i)WO) 



y (l)(p)(9) Qi r dx % 3x3 £' 

(b) Conversely, to give a T -linear connection V on the 1-jet vector bundle 
E = J 1 (R, M) is equivalent to give a set of nine adapted local components VI\ 
which transform by the rules described in (a). 

Example 2.8 Let hu(t) (respectively ip^ix)) be a semi-Riemannian metric on 
R (respectively M). We denote by H\i(t) (respectively J k j(x)) the Christoffel 
symbols of the metric hn(t) (respectively if^{x)). Let us consider on the 1-jet 
space E = J 1 (R, M) the canonical nonlinear connection T associated to the pair 
of metrics (hn(t),ip i: j(x)), which is defined by the local coefficients (2.3\) . In 
this context, using the transformation laws h2.1\) and V2.2}) , we deduce that the 
set of adapted local coefficients 



Bt=[G\ 1 , 0, G 



(fc)(i) 



0, L 



-W(i) 
iv "(i)(-)j- 



wher 



Gii 



G 



W(i) 

(l)(i)l 



0, 0, 



-W(i) 

J (l)(i)j 



7* 



defines a T-linear connection on the 1-jet space E, which is called the Berwald 
connection attached to the semi-Riemannian metrics hu(t) and ^.-(x). 
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Remark 2.9 In the particular case (R, h) = (K, S) our Berwald linear con- 
nection naturally generalizes the canonical N -linear connection induced by the 
canonical spray 2G l = Jj k y-'y k from the classical theory of Finsler and Lagrange 
spaces. For more details, please consult [3], [5]. 

Now, let us consider that V is a fixed T-lincar connection on the 1-jet space 
E = J 1 (R, M), which is defined by the adapted local coefficients 

VI - ^Lr n , Lr a , ^(1)^)1, ^lj, ^ij, ^(l)(j)fc> °l(fc)> °»(fe)' °(l)(j)(fe)J ' \ ZA > 

Definition 2.10 A geometrical object D = (j^\ k ^}^ ) ok i/ie -/-jet vector 
bundle E = J 1 (K, M), whose local components transform by the rules 

D 1»C7')(1)- _ glp(m)(l)...^5^ [ da: J g\ / <9x s cfe 

ifc(i)(0- ~ ^i™^ J dtdx k \dx l dt 

is called a d-tensor field. 

Example 2.11 The geometrical object C = (cj^ , where cj^ = y\, rep- 
resents a d-tensor field on the 1-jet space E = J 1 (R,M). This is called the 
canonical Liouville d-tensor field of the 1-jet vector bundle E. Remark 
that the d-tensor field C naturally generalizes the Liouville vector field [5] 



used in the Lagrangian geometry of the tangent bundle TM . 

The T-linear connection V naturally induces a linear connection on the set 
of the d-tensors of the 1-jet vector bundle E, in the following way: — starting 
with X G X(E) a vector field and D a d-tensor field on E, locally expressed by 

St Sx r Wdy{' 

$ & d 
D = D iKim":.Tt ®j^®-^®dt®dx k ®5y[..., 

we introduce the covariant derivative 

V X D = X^^D + X?Vj_D + X%W_d_D = {xiD]V)W Z/i + X *. 
St Sxp dyl 

<$ttU + *<«$:::i8i} ^ ^ ® ® * ® ^ ® *a ■ ■ • . 

where 
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Or) 



(hut) 



(v) 



^ife(i)(0.../i ~ 

" 1 " Xy lfe(l)(i)... rl 

n li(j)(l)-/=Vl 
I7 lfe(l)(0... Lr H 



rr,liO)(l)... 

°^ifc(i)(0... 



ft 



n ii(j)(i)...-=vi , 

- t ^lfc(l)(Z)... L;r ll~ t " 



li(r)(l). 
lfe(l)(0- 



U (l)(r)l 



ifc(i)(0-b 



SD 



n ii(i)(i)- 

^lr(l)(0.. 
li(j)(l)... 

ifc(i)(0... 



kl 



n li(j)(l).. 
^lfc(l)(r). 



u (i)(0i 



n lrO)(l)... r< 
_t "- L/ lfe(l)(0--- H> 



, n i«W(i) 



D 



lfc(l)(i). 



rO)(l) , 
^(l)(r)p + • • • ' 



-D 



lfe(l)(i)... IP 



n li(j)(l)... rr 
^lr(l)(0...^ 



L 



(r)(l) 



lfe(l)(r)...^(l)(/)p 



n li(j)(l)...,(l) _ 



ifc( i)(Q- 



9y? 



r y >-i- 



+^ifc(i)(0. 



H(r)(l)...^0)(l)(l) 



(i)M(p) 



—D 



ife(i)(0- 



-pi(i) _ D 



lr(l)(i)..°fc(p) 



n liO)(l)... r (r)(l)(l) 



Definition 2.12 TTie ZocoZ derivative operators "\ p " and are called 

theR-horizontal covariant derivative, the M -horizontal covariant deriva- 
tive and the vertical covariant derivative associated to the T-linear con- 
nection Vr. These apply to the local components of an arbitrary d-tensor field 
on the 1-jet space E = J X (R, M). 

Remark 2.13 (a) In the particular case of a function f(t, x k , y^) on the 1-jet 
space E = J 1 (R, M) the above covariant derivatives reduce to 



//i 



M (k) df_ 

st dt Wdtf 



= 6j^ = d^_ (fe ) df_ 
J\ P 5xP dxP iy (i)P dv k^ 



( p ) dy\' 



(b) Starting with a d- vector field D = Y on the 1-jet space E = J 1 (R, M), 
locally expressed by 

St + 6x* + « dy{ ' 
the following expressions of the local covariant derivatives hold good: 



(M 



SY 1 
SY i 

y; 1 = — + y^gu 



Y, 



(i) _ | v (rWi)(l) 

(1)/1- St +^(1) U (l)(r)l' 
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(flAl) 



+ Y J L 



ifi 



Y, 



Y, 



5Y 1 
~5xp 
8Y l 



SY, 



*) 



(i) 



(i)b 



ar 1 



yild) _ 9 ^ 

r Kp) _ ~ 



1^1(1) 

(p) 



r(p) 



9 y P + °(l)(r)(p)' 



Denoting generically by "-.a" one of the local covariant derivatives "/i" , " | p " 
or " | " , we obtain the following properties of the covariant derivative operators: 

Proposition 2.14 IfT ;/; and S " are two arbitrary d-tensors on E = J 1 (R, M), 
i/ien £/ie following statements hold good: 

(i) The local coefficients T \ A represent the components of a new d-tensor 
field on the 1-jet space E = J^R, M). 

(a) (T::: + S;;;U = t ::: . a + s :: 



■A- 



(Hi) (T- ® S;;;). A = T;;. A ® S;;; + 7 S 



...:A- 



3 Torsion and curvature d-tensors 



In the sequel, we will study the torsion tensor T : X{E) x X{E) — > 
associated to the T- linear connection V, which is given by the formula 

T(X,Y) = V X Y- VyX- [X,Y], V X,Y e X(E). 

In order to obtain an adapted local characterization of the torsion tensor 
T of the T-linear connection V, we firstly deduce, by direct computations, the 
following simple and important result: 

Proposition 3.1 The following identities of the Poisson brackets are true: 



S_ S_ 

St' St 

S_ d 

St'dyJ 



= 0, 



5_ _S_ 

St'Sxi 



R 



(r) 

(i)ii 



d 
dyj' 



dM {r) 
Ulyl (i)i 



d 



_6_ 



d 

dy\ 



8y{ dy\' 

d 



_s_ 

8x % 



S 

1x3 



R 



(r) 



Wij dy\ ' 



dy{ dy[ 



d d 
dy\ 1 dy{ 



0, 
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(r) (r) 

where and are the local coefficients of the nonlinear connection T, 

(r) (r) 

while the components Rniij m & Rniij &re d-tensors given by the formulas 

SAfftl 5N%1 
dW _ W 1 _ (1)3 

3 5x3 St ' (3 1) 

„(r) _ _ (l)j 

8x3 5 x i ■ 

In these conditions, working with a basis of vector fields, adapted to the 
nonlinear connection 

r - ( m w N (i) ] 
1 - ^ w (l)l' iv (l)iJ 

on the 1-jet space E = J X (R, M), by local computations, we obtain 

Theorem 3.2 The torsion tensor T of the T-linear connection \2.1$ is deter- 
mined by the following adapted torsion d-tensors: 

Ws'sH ^(s-sH -(^H 



Sxi' St J WWfiyf' 
8x 3 '8x % ) \Sx J : Sx l J iJ 8x r ' 



ii 



where 

rpl j 1 rpr fir rpr jr jr pH^) f^-\S) 

1 lj-' L lji 1 i]~- L ij ^ji' ^l(i) — 



r(l) 



Hi) 



C 



r(l) 
(3) ' 



W(i)(i) 
(i)W(j) 



>)(i)(i) 
(i)W(i) 



(l)COW ' 



P, 



(r) (1) 

(i)i(i) 



dM, 



(r) 

(1)1 



9yi 



G 



M(i) 



P, 



(0 (i) 



(1)0)1' x (l)i(j) 



aJV (i)» _ ,W(i) 



and £/ie d-tensors f6\\-, ■ and R)^(-a are given by h3.1\) 



(r) 



L (i)ii 



(i)y 



Corollary 3.3 T/ie torsion tensor T o/ an arbitrary T-linear connection V on 
</ie 1-jet space E = J 1 (M, M) is determined by ten effective adapted local torsion 
d-tensors, which we arrange in the following table: 







hM 

















fi 


J y 




hufiM 





ij 






pl(l) 





p(r) (1) 

Umu) 


vhM 





^0) 


p(r) (1) 
Ml)i(j) 


vv 








c-C)(l)(l) 



Example 3.4 In the particular case of the Berwald T-linear connection BT, 
associated to the semi-Riemannian metrics hn(t) and tp^^x), all torsion d- 
tensors vanish, except 



R 



(k) 
(i)y 



(Ok „,m 
v K mi j tt 1 



where w^Ax) are the classical local curvature tensors of the spatial semi-Rie- 
mannian metric ip i j(x). 

In order to study the curvature of the T-linear connection V, we recall that 
the curvature tensor R of V is given by the formula 

R(X, Y)Z = Vx^yZ - V Y VxZ - V [x ,y]Z, V X,Y,Z G X{E). 

Using again a basis of vector fields adapted to the nonlinear connection T, to- 
gether with the properties of the T-linear connection V, by direct computations, 
we obtain 
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Theorem 3.5 The curvature tensor R associated to the T-linear connection 
{2.4]) is determined by fifteen effective adapted local curvature d-tensors 



K[ Tt>Tt)Tt- {> 



s 



^St'StJSx* ' \st'st 
s 



R 



<5x fc ' St J St 



R 



g _S_\ S_ 

Sx k ' fe? / St 



St 



d 



5x k ' St ) Sx l 



Sx k ' St J dy\ W(i) lk d y [ 



R) 



St' 



R 



/ 5 t 

\Sx kl Sxl J QyJ ~ '"W(i)jkg^[ 



R 



R 



d 5_ 

dy\ ' St 



d J_ 

dy\ Sxi 



= P., 



1 (l)0_ 

ii(fe) gt > 



R 



R 

St 
R 

5 _ pi (1) 5 TD 



fe fc ' fe-? / Sx l 



R 







dy\ ' St J dy\ 



d 



d S\ S 
dy k ' St ) Sx l 

_ p(0(i) (i) 9 



= P 



ijk Sx l ' 



(1)_0_ 

il(fc) g x l ' 



R 



ch/f ' Sxi ) Sx l 

_ p (0(i) (i) 9 

dy k ' SxJ J dy\ WWiO) , 



Rl 



5 



1(1)(1)_0_ 

10) W 



R 



9 _9_ 



S 



i(l)(l)_0_ 



R 



d d 



d 



_ q(0(1)(1)(1) 



<9 



whose local components we arrange in the following table: 





frR 


h M 


i> 


hM.hu 











ft Af frit 






pW(l) 


frjlffrM 




R \jk 


B (0(i) 
rt (i)(i).7'fe 


uft.R 


P i (i) 


P i (i) 


P (')(i) (i) 


vh M 


P i (i) 

ij(fe) 


pi (1) 

ij(fc) 


P (i)(i) (i) 


vv 


ol(l)(l) 

^lfj'Hfc) 


o'(l)(l) 


o(l)(l)(l)(l) 



Moreover, by a laborious local computations, we deduce the following result: 
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Theorem 3.6 The expressions of the preceding local curvature d-tensors are 
given by: 

• Iir- components 

1 pi - S L\k , ^i(i) p (r) 

llfe ~ 6 X k St + °lW i< (l)lfc 

9 Rl _ ffij gjlfc i ^l(l) p(r) 

o pi (1) _ d G\l ^l(l) , ^l(l)p(r) (1) 
<*■ *ll(k) - ay fe °l(t)/l+ b l(r) r (l)lW 

4 pi (1) _ ^lj /^1(1) ,^1(1) pW (1) 
4 - ^j(k) ~ Qyk °l(fc)|j " l "°l(r)- r (l)j(fe) 

arvi(i) «r-i(i) 

5 £l(l)(l) = °°l(j) _ ao l(fc) 

• Iim -components 

r pi — ^i i r"- ri rr ^ i/^'WdM 

llfe ~ "fo^ Jft - 41 rfc ~~ Jfe rl *M (i)ifc 

'■ n ijk- §x k Sx j ^^ij^rk ^ik^rj -T ^i(r) n (l)jk 

o pi (1) _ ^il _ Ml) , WWpW (1) 
8 ' ^l(fe) - ^fc °i(fc)/l +° J (r) / (l)l(/c) 

a P i (i) _ 9I 4 _ r«i(i) , r«i(i) pM (i) 

y ' y(fe) ~ Qyfe °i(fe)|j i "°i(r)- r (l)j(fe) 

• v- components 

Ar .(i)(i) jfrWW 

p(i)(l) 0LT (l)(i)l 0i "(l)(»)fc r (r)(l) r (Q(l) r (r)(l) r {l)(\) 

11 U (l)(i)lk ~ fak St + U (l)( 4 )l^(l)(r)fc ^(1)^/0^(1)^)1 + 

, r (!)(l)(l)DW 
+ °(l)M(r) K (l)lfc 

ir(0(l) rj-(0(l) 
19 p(0(l) _ ° (1)(»)J °^(l)Wfc , r (0(1) r (0(1) r(r)(l) r (f)(1) , 
±Z - -"WWjfe - fok fa j + ^(l)(i)j (l)(r)fc ^(l)(i)fc^(l)(rb- + 
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(l)(i)(r-) K (l)jfc 



13. P, 



(i) 



dG 



(0(i) 

(l)(i)l 



(i)Wi(fe) 



C, 



(0(i)(i) 



14. P, 



(0(i) (i) 



<9L 



(0(i) 

(1)«3 



15. 5. 



(i)(Oi(*0 " 

(0(i)(i)(i) 
(i)(0(i)W 



nrt(0(i)(i) 
°°(i)W(j) 

dy\ 



C, 



(i)W(fe)/i 
(0(i)(i) 



r W(i)WpW (i) 

( -'(l)( I )(r)- r (l)l(fc) 



r (i)W(i)pW (i) 



arr(0(i)(i) 
°°(i)W(fc) 

dy{ 



r {r){l){X) r {l){l){V) 

'°(i)WC7') °(i)W(fe)" 



_ r .W(i)(i)^(0(i)(i) 

°(l)(i)(fe)°(l)(r)Or 

Example 3.7 in i/ie case o/ i/ie Berwald T-linear connection BY, associated 
to the pair of semi-Riemannian metrics (h a b(t), ip^ (%)), oil local curvature d- 
tensors vanish, except 



ijk ' 



R 



(0(i) 



where %\jf.{x) are the classical local curvature tensors of the spatial semi-Rie- 
mannian metric ip i j(x). 

4 Ricci identities and deflection d-tensors 



Using the properties of a T-linear connection V given by (|2.4p . together 
with the definitions of its torsion tensor T and its curvature tensor R, we can 
prove the following important result which is used in the Lagrangian geometrical 
theory of the relativistic time dependent electromagnetism, in order to describe 
its generalized Maxwell equations. For more details, please consult [8]. 

Theorem 4.1 If X is an arbitrary d-vector field on the 1-jet vector bundle 
E = J 1 (R, M) , locally expressed by 



X = X 1 



S 



X 1 



s 



X 



(i) 







St ' " Sx l ' ' ^dy[' 
then the following Ricci identities of the T-linear connection V are true: 

yl yl xrl E?l yl ^pl yl o^r V"l|(l) o( r ) 

A /l|fc ~ A |fc/1 - A K llk ~ A /l i lfe ~ A |r J lfc _ A l(r) K (l)lfc 



y i i(i) 
A /il( fe) 



fcb 



Xli? ijfc 



l(r) (l)jk 



-X 



ll(l) _ 



= X l P, 



1 (1) 



b'w 



(fe)/l ' 11(A) 

t|(l) _ jjflpl (1) 



K*ob 



_ yl ^l(l) 
A /l U l(fc) 

yi r ,r ( 1 ) 

A |r°i(fc) " 



1|(1) p(r) (1) 
(1)1(*) 



yllWpW (1) 
l(r)^(l)i(fe) 



X 



ll(l)l(l) 



Yl|(l)|(l) _ _ y-l|(l)c(r)(l)(l) 

A I(fc)l0') -A °mW A IW^fl)^)^) 
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(h 



M 



(v) 



X 



/i|fe 



X \k/i 



X 



X 



\k\j 



X r R, 



X 



X 



,(i) 
/il(fc) 

i i(i) 

J I (A) ' 



X 

x i 



l(l) 
l(fe)/l 

(1) 



L rlfe 

i 

rjk 

X rp 



^{r-Ljk A l(r) rt (l)jfc 



i (1) 
-l(fc) 

(1) 



i(i) 



/i^i(fe) 



ii(i)i(i) 
ki)kfe) 



kfe)ki) 



rj'(k) 

X r S: 



•(1) 



yi\Wp(r) (1) 
l(r)^(l)l(fe) 

yi\(l)p(r) (1) 

4 l(rr (i)i(fc) 



i(l)(l) 

r(j)(k) 



kr) D (l)0')(fe) 



w 

(l)/llfc 



(i) 



(i)b'l* 
(0 

(i)/ii(fe) 



X 



X 



W _ vWd(<)(1] 
(l)|fc/l - A (l) ft (l)(r)U 

A (l)l(r)^(l)lfe 
W _ vHnBW 



X 



(i) 



T 



(1)/1 l fc 



A (l)|r jfc 



^(lJIr^lfc' 



A (l)l(r)-"(l)j* 



(1) _ x (i)|(l) =Jf (r)p(<)(l) (1) 



(<) l(l) 

(i)b'kfc) 



_ "(l)-*(l)(r)l(fc) 

_ vWi(i)pW (i) 

(i) k r ) (i)i(a) 

W|(l) _ y(r)p(i)(l) (1) _ 
(l)l(fe)|j ~ A (ir(lXr)i(fc) 

_ X (i)|(l)p(r) (1) 



c 



1(1) 



(l)/l-l(fe) 



A (l)|r°j(fc)" 



W|(l)|(l) 

(i)ki)kfe) 



x 



Wi(i)i(i) 

wk^ki) 



W'W" (l)i(fe) 
yW oW(l)(l)(l) 



A W l W a W(i)(*) - 



Proof. Let (Ya) and (w 4 ), where A G ^ |, be the dual bases adapted to 

the nonlinear connection T and let X = X F Yp be a distinguished vector field 
on the 1-jet space E = J 1 (M, M). In this context, using the equalities 

1. V Yc Y B =T F BC Y F , 2. [Y Bl Y c ] = R F c Y F , 
3. T(y c ,y B ) = T F BC Y F = {T F BC - T F B - R F B }Y F , 



4. R(Y C ,Y B )Y A -- 
6. [H(Y C ,Y B )X] 



,,B , ,C _ 



Vy c W 



BC" 



{Vy c Vy B X- Vy B Vy c X- 



where " •" 
that 



-V[Y C: Y B ]X}-U B -U C , 

represents the tensorial product " ®" , we deduce by a direct calculation 

^:B:C _ ^CiB = X F H FBC — XfpTg C , (4.1) 

where" : D" represents one from the local covariant derivatives "/i" , or 
of the T-linear connection V. 

Taking into account that the indices A, B, C, . . . belong to the set |l, i, ^ j, 

by complicated local computations, the identities (|4.ip imply the required Ricci 
identities. ■ 
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Now, let us consider the canonical Liouville d-tensor field 

C-C {1) — -„* 9 
Wdy\ ~ Vl dy\ 

Definition 4.2 The distinguished tensors defined by the local components 

fj(i) _ piW r)W — r"W j('0(!) _/-<(*) /4 9l 

^(i)i - ^(i)/i> u {i)o ~ ^(i)Ij' a W« ~ ^W'O') l4 - ZJ 

are called the deflection d-tensors attached to the T-linear connection 
V on t/ie i-j'et space E = J^R, M). 

Taking into account the expressions of the local covariant derivatives of the 
T-linear connection V given by (12. 4|) , by a direct calculation, we find 

Proposition 4.3 The deflection d-tensors of the T-linear connection V have 
the expressions: 

U {1)1 ~ ~ M (l)l + G (l)(r)iyi> - iV (l)j + ^(l)(r)i»l> 

(4.3) 

a (i)(j) ~ "j + ^WWI^ 1 ' 

In the sequel, applying the set (v) of the Ricci identities to the components 
of the canonical Liouville d-tensor field C, we get 

Theorem 4.4 The deflection d-tensors attached to the T-linear connection V 
on the 1-jet space E = J 1 (R, M) verify the following identities: 

f)W _ nW — ...rpC'X 1 ) f>W 7^1 nW T 1 ' 1 p( r ) 

^(l)l|fe U {i)k/1 ~ i'l- ft (l)(r)lfc ^(l)l J l/c U (\)r 1 \k a (l)(r) /t (l)lfe 

n(0 nW — ..rpt*)! 1 ) n{«) T^r _ pM 

^(l)fc|j ~ yi it (l)(r)j* : U {l)r 1 jk a (l)(r) n {l)jk 

f>(i) |(1) _ jW(1) _ „rp(i)(l) (1) _ fS(0 r^U) _ jW(1) pM (1) 
^(l)ll(fe) ffl (l)(fc)/l - fl^(l)(r)l(A) ^(l)l°l(fe) a (l)(>r «!« 

nW |(!) _ w^ 1 ' - „r P W(i) (!) _ n W r r W _ rfWW pW f 1 ) 

^(l)jl(fc) a (l)W|j _ « r (l)(r)j(i) U (l)r°j(k) °(l)(r) / (l)j(fc) 

|(1) _ jW(1) |(1) _ „rcW(l)(l)(l) _ j(<)(l) dWWW 
a (l)0) l W a (l)(fc)kj) ~ y^WWWCfe) a (l)(r)' 5 (l)(j)(/c)- 
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